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Abstract. We use metric functionals to build a weak topology associated with d-weak
convergence on metric spaces. We also show the existence of a sequence in the space
C[0, 1] that is unbounded in the sup-norm yet converges d-weakly. This points out an
error in an earlier work.

1. Main results

In an earlier work [2], we introduced the notion of d-weak convergence in arbitrary
metric spaces (X, d). We restricted our analysis there to sequences with the purpose of
testing and validating our ideas in a simple way. We verified that d-weak convergence
behaves as expected in all normed linear spaces; every bounded sequence in a normed
linear space converges d-weakly if and only if it converges in the classical weak sense.

Our goal here is to build a topology on metric spaces that is connected to our notion
of weak convergence. Let us recall first the formal definition of d-weak convergence.

Definition 1.1. Let (X, d) be a metric space and X♢ the space of all metric functionals
on X. We say that a net of points (ai)i∈I in X converges d-weakly to a point a in X if
for every h in X♢ we have

lim inf
i∈I

h(ai) ≥ h(a).

Our first result is the following.

Theorem 1.2. Let (X, d) be a metric space and X♢ the space of all metric functionals
on X. Then, there exists a topology on X induced by X♢, denoted by σ(X, X♢), with the
following properties:

(1) The topology σ(X, X♢) is coarser than the metric topology on X.
(2) The topology σ(X, X♢) on X makes every metric functional lower semi-continuous.
(3) A net (ai)i∈I in X converges in the topology σ(X, X♢) if and only if it converges

d-weakly.

In [2, Conjecture 1.5] we conjectured that d-weakly convergent sequences in normed
linear spaces must be bounded. The conjecture was based on a claim in [2, Theorem 1.4].
Such a claim contains an error. The following theorem shows that the conjecture is false.

Theorem 1.3. There exists a sequence (fn) in C[0, 1] that converges to 0 in the topology
σ(C[0, 1], C[0, 1]♢) and ∥fn∥∞ → ∞.

Theorem 1.4. Let (X, d) and (Y, D) be metric spaces. Suppose that T : X → Y is a
distance-preserving mapping, that is, D(Tp, Tq) = d(p, q) for all points p, q in X. Assume
that Y = TX. Then, the mapping

T : (X, σ(X, X♢)) → (Y, σ(Y, Y ♢))
is a homeomorphism.

It is not an overstatement to say that σ(X, X♢) is a weak topology on X. Indeed, our
topology has a connection to the notion of weak metrics, which was introduced by H.
Ribeiro [4] in 1943.

Definition 1.5. Let X be a set. A mapping δ : X × X → [0, +∞) is called a weak metric
if we have δ(x, x) = 0 for all x in X and δ(x, y) ≤ δ(x, z) + δ(z, y) for all x, y, z in X.
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Examples of weak metrics are found in [3]. Some fixed point problems in weak metric
spaces were investigated in [1]. The following theorem reveals a connection between d-weak
convergence and weak metrics.

Theorem 1.6. Let (X, d) be a metric space and X♢ the space of all metric functionals
on X. Then, there exists a family of weak metrics {δh | h ∈ X♢} on X such that the
following properties are equivalent:

(1) A net (xi)i∈I in X converges to x in X in the topology σ(X, X♢).
(2) δh(x, xi) → 0 for all h in X♢.

2. Proofs

Let us begin recalling the concept of a metric functional. Let (X, d) be a metric space.
Choose a base-point o in X and define the set
(2.1) X∨ := {d(·, w) − d(o, w) | w ∈ X}.

Note that each element in X∨ is a 1-Lipschitz mapping X → R vanishing at the point o.
Let X♢ denote the closure of X∨ in the topology of pointwise convergence. Each element
in X♢ is called a metric functional on X and each element in X∨ is called internal. For
more details see [2].

We now move on to building our weak topology on X. For a point x in X, a finite
subset F of X♢ and a positive real number c, define the set

B(x, F, c) :=
⋂

h∈F

{y ∈ X | h(y) > h(x) − c}.

Lemma 2.1. The collection
B := {B(x, F, c) | x ∈ X, F finite subset of X♢, c > 0}

is a basis for a topology on X.

Proof. First, note that every point x in X is contained in B(x, {hx}, 1). Now, suppose that
x is a point in the intersection of two elements of B, say B(x1, F1, c1) and B(x2, F2, c2).
The following two inequalities hold:

(1) h(x) > h(x1) − c1, for all h in F1,
(2) h(x) > h(x2) − c2, for all h in F2.

Define F := F1 ∪ F2 and

c := min
{

min
h∈F1

{h(x) − h(x1) + c1}, min
h∈F2

{h(x) − h(x2) + c2}
}

.

Then, B(x, F, c) is an element in B, contains the point x, and is a subset of the intersection
of B(x1, F1, c1) and B(x2, F2, c2). □

Definition 2.2. We denote by σ(X, X♢) the topology generated by the basis B. That
is, a subset A of X is open in the topology σ(X, X♢) if and only if for every x in A there
exists a basis element B in B such that x ∈ B ⊂ A.

Note that a subset A of X is open in the topology σ(X, X♢) if and only if for every x
in A there exists a finite subset F of X♢ and a positive real number c such that B(x, F, c)
is a subset of A.

One may wonder if different base-points produce different topologies. We show next
that the choice of the base-point is irrelevant.

Proposition 2.3. Let p be a point in X such that d(o, p) > 0. Let X♢
p denote the space

of all metric functionals on X with base-point p. Then, we have
σ(X, X♢) = σ(X, X♢

p ).
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Proof. For every x, y in X we have
d(x, y) − d(o, y) − (d(p, y) − d(o, y)) = d(x, y) − d(p, y).

Then, h − h(p) is in X♢
p for all h in X♢. Now, if the points o and p are permuted in the

previous equality, we conclude that the mapping h 7→ h − h(p) is a bijection from X♢

onto X♢
p . □

Lemma 2.4. The topology σ(X, X♢) is coarser than the metric topology on (X, d).
Proof. Let A be an open set in the topology σ(X, X♢) and x a point in A. Then, there
exists a basis element B(x, F, c) which is a subset of A. Since every metric functional is
1-Lipschitz, the set U(x, c) := {y ∈ X | d(x, y) < c} is a subset of B(x, F, c). Since U(x, c)
is a ball, which is open in the metric topology, it follows that the set A is open in the
metric topology. □

Metric functionals are always continuous as mappings X → R with their corresponding
metric topologies. If X is equipped with the topology σ(X, X♢), we have the following.
Lemma 2.5. The topology σ(X, X♢) makes every metric functional lower semi-continuous
on X.
Proof. Let h be a metric functional on X and r a real number. Suppose that x is a point
in X with h(x) > r. Then, for every y in the basis element B(x, {h}, h(x) − r) we have
h(y) > r. □

Proof of Theorem 1.2. The first property is shown in Lemma 2.4 and the second prop-
erty in Lemma 2.5.

Suppose that a net (ai)i∈I , with (I,≽) a directed index set, converges d-weakly to a
point a in X. Let A be an open set in the topology σ(X, X♢) and assume that the point
a is in A. Then, there exists a positive real number c and a finite subset F of X♢ such
that the basis element B(a, F, c) is a subset of A. By d-weak convergence, for each metric
functional h in F there exists an index i0(c, h) ∈ I such that

h(ai) > h(a) − c,

for all i ≽ i0(c, h). Now, since F is a finite set, there exists an index i∗ ∈ I such that
i∗ ≽ i0(c, h) for all h in F . Then, for every i ≽ i∗ we have

ai ∈ B(a, F, c) ⊂ A.

This shows that (ai)i∈I converges to a in the topology σ(X, X♢).
Now, suppose that a net (ai)i∈I converges to a point a in X in the topology σ(X, X♢).

Let h be in X♢ and c a positive real number. Since B(a, {h}, c) is open in the topology
σ(X, X♢), there exists an index i0 such that

ai ∈ B(a, {h}, c),
for all i ≽ i0. In other words, we have

lim inf
i∈I

h(ai) ≥ h(a).

□

Proof of Theorem 1.3. Choose a sequence of closed intervals An ⊂ [0, 1] such that
An ∩ Am = ∅ for all n , m and |An| → 0. For each n ≥ 1, let fn be a non-negative
continuous function on [0, 1] that has non-zero values on the interval An and a maximum
value equal to n. We have ∥fn∥∞ = n for all n ≥ 1. We show next that for every h in
C[0, 1]♢ we have

lim inf
n

h(fn) ≥ 0.

First, we claim that for each internal hw ∈ C[0, 1]∨, where hw(·) = ∥· − w∥∞ − ∥w∥∞,
the value hw(fn) is negative for at most one n. Indeed, for a fixed w ∈ C[0, 1] there exists
s ∈ [0, 1] such that |w(s)| = ∥w∥∞. If s is not in An, then fn(s) = 0 and

hw(fn) = ∥fn − w∥∞ − ∥w∥∞ ≥ |w(s)| − |w(s)| = 0.
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Since An and Am are disjoint for all n , m, the value hw(fn) is negative for at most one
n.

Now, let h be an arbitrary metric functional on C[0, 1]. Then, there exists a net (wi)i∈I

in C[0, 1] such that hwi(f) → h(f) for all f in C[0, 1]. Suppose that there exist two
distinct positive integers n and m such that h(fn) < 0 and h(fm) < 0. Choose ϵ > 0 such
that h(fn) < −2ϵ and h(fm) < −2ϵ. Since hwi → h, there exist i(ϵ, n) and j(ϵ, m) in the
directed set (I,≽) such that hwi(fn) < h(fn)+ϵ for all i ≽ i(ϵ, n) and hwi(fm) < h(fm)+ϵ
for all i ≽ j(ϵ, m). Let i0 be the index in I such that i0 ≽ i(ϵ, n) and i0 ≽ j(ϵ, m). Then,
for every i ≽ i0 we have

max{hwi(fn), hwi(fm)} < −ϵ

But according to the previous argument, each internal hwi has negative value for at most
one fn. Therefore, h(fn) < 0 for at most one n. This implies

lim inf
n

h(fn) ≥ 0 = h(0).
□

Remark 2.6. We listed in [2] some normed linear spaces where d-weak convergence of se-
quences implies boundedness. However, the argument we gave for the case C[0, 1] contains
an error, which is revealed by the sequence fn presented above. In ℓ1 and in a normed
linear space X with strictly convex dual, d-weakly convergent sequences are bounded.

Proof of Theorem 1.4. Choose o in X to build the space X♢ and choose To in Y to
build the space Y ♢. Since T is surjective and distance-preserving, for every point y in Y
there exists a point w in X such that for every x in X we have

D(Tx, y) − D(To, y) = d(x, w) − d(o, w).
Then, the mapping

T ♢ : Y ♢ → X♢ h 7→ h ◦T

is a bijection.
Now, if a net (xi)i∈I in X converges d-weakly to x in X, then for every h in Y ♢ we

have
lim inf

i∈I
h(Txi) = lim inf

i∈I
T ♢ h(xi) ≥ T ♢ h(x) = h(Tx).

This shows that (Txi) converges D-weakly to Tx in Y .
On the other hand, if (Txi)i∈I in Y converges D-weakly to Tx in Y , then for every h

in X♢ we have
lim inf

i∈I
h(xi) = lim inf

i∈I
(T ♢)−1 h(Txi) ≥ (T ♢)−1 h(Tx) = h(x).

This shows that (xi) converges d-weakly to x in X. □

2.1. Weak metrics. For each h in X♢ define the mapping δh : X × X → [0, +∞) by
(x, y) 7→ δh(x, y) := max{0, h(x) − h(y)}.

Lemma 2.7. For every h in X♢, δh is a weak metric on X.

Proof. Recall that for every real numbers a and b we have
0 ≤ max{0, a + b} ≤ max{0, a} + max{0, b}.

□

Proof of Theorem 1.6. A net (xi)i∈I in X converges to x in X in the topology σ(X, X♢)
if and only if for every h in X♢ and a positive real number ϵ there exists i0 in I such that

h(xi) > h(x) − ϵ,

for all i ≽ i0. This is equivalent to the property δh(x, xi) → 0 for all h in X♢. □
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In general, the topology σ(X, X♢) is not Hausdorff. For example, if X is the real line
equipped with the metric d(x, y) :=

√
|x − y|), we have X♢ = X∨ ∪ {0} and the sequence

(an) with an := n in X converges in the topology σ(X, X♢) to every point in X. For
normed linear spaces, the topology σ(X, X♢) behaves better.

Proposition 2.8 ([2, Theorem 1.2]). Let X be a normed linear space. Then, the topology
σ(X, X♢) is Hausdorff.

Proof. The proof of [2, Theorem 1.2] is valid for nets. □
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